We propose and study methods to improve tactile intuition for linear viscoelastic fluids. This includes (i) Pipkin mapping with amplitude based on stress rather than strain or strain-rate to map perception to rheological test conditions; and (ii) data reduction of linear viscoelastic functions to generate multi-dimensional Ashby-style cross-property plots. Two model materials are used, specifically chosen to be easily accessible and safe to handle, with variable elastic, viscous, and relaxation time distributions. First, a commercially available polymer melt known as physical therapy putty, reminiscent of Silly Putty, designed for a range of user experiences (extra-soft to extrafirm). Second, a transiently cross-linked aqueous polymer solution (Polyvinyl alcohol-Sodium Tetraborate, PVA-Borax). Readers are encouraged to procure or produce the samples themselves to build intuition. The methods studied here reduce the complexity of the function-valued viscoelastic data, identifying what key features we sense and see when handling these materials, and provide a framework for tactile intuition, material selection, and material design for linear viscoelastic fluids generally.
Introduction
Intuition with viscoelastic materials is central to integrating them into the design toolbox. Engineering design with elastic solids and Newtonian fluids is well established, as demonstrated through extensive cross-property Ashby Diagrams [1] [2] [3] and materials databases [4, 5] . This is facilitated by the simplicity of describing these materials by single value material properties (such as viscosity for fluids and modulus or hardness for solids). Materials experts and non-experts alike have developed intuition of the value of these properties for common materials such as those shown in Figure 1 .
Soft viscoelastic materials, those between the bounds of pure Hookean solids and Newtonian fluids, have mechanical/rheological properties that are more complex which likely could meet a wide variety of design functionality; biology demonstrates this [9] [10] [11] as do engineering applications such as soft robotics [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] , polymer processing [22] [23] [24] [25] , sporting goods [26] , automotive [27] , soft armor [28] , 3D printing [29] [30] [31] [32] , and injectable hydrogels [33] [34] [35] [36] [37] .
Yet, unique challenges still inhibit the use of rheologically-complex materials in engineering design. First, even simple viscoelastic material properties are functions, not single values. Thus, even at a basic level, design with these materials is a high-dimensional problem (e.g. cross-property Ashby Diagrams would require either more dimensions or lower-dimensional descriptions [12, 32, [38] [39] [40] ). Second, while design intuition with solid and fluid materials is well developed, the same intuition with viscoelastic materials is lacking. Take for example the viscoelastic polysilicone putties in Figure 2 . The qualitative description of these samples has not yet been associated with specific viscoelastic rheological parameters.
The putties in Figure 2 are marketed on a range from extra-soft to extra-firm. However, the viscoelastic character of the putties implies that the materials have complex, function-valued properties. What rheology correlates to perception? Are there simplified material descriptions that can be used to develop the intuition needed to design with viscoelastic liquids?
We are motivated by design which is built upon analysis ( Figure 3 ). Currently, most work in the soft matter/rheology literature is analysis of existing or new materials, proceeding from left to right in Figure 3 . True design with rheological properties is an inverse problem shown from right to left in Figure 3 . Starting from the required Figure 1 : Simple solids and Newtonian fluids can be easily described by single-valued material properties, such as a Young's modulus or a Newtonian viscosity [6] . This enables easy intuition when designing with these materials as well as easy communication of the material properties. Figure adapted from [6] , [7] and [8] . performance, the enabling properties are then identified (e.g. initially agnostic to any material structure [41] ); rheological properties can be achieved by multiple microstructures (e.g. the various structures that achieve a yield stress fluid [32, 39] ) and the design trajectory iterates by choosing/refining a particular material structure [42] . This design trajectory is shown from right to left in Figure 3 .
Here we propose materials for tactile intuition of linear viscoelasticity, study their rheological properties, identify low-dimensional descriptions, and demonstrate a frame-work for Ashby-style plots of linear viscoelasticity. The materials we propose (detailed in Sec. 3) are readily available, easy to make, non-toxic, and non-hazardous.
With these materials, we will probe the question When you feel a material, can you draw its material functions? or its inverse, If you see the rheological material functions, can you intuitively know how the material will feel? The link between subjective assessment of the rheological behavior of the material (i.e. user experience) and objective data from rheological tests is known as psychorheology [44] Properties (rheological)
Microstructure
Performance (e.g. perception, vibration isolation) Figure 3 : Engineering design is an inverse process with multiple options to meet an objective. Function-valued rheological properties are at the center of this structure-properties-performance design paradigm (adapted from [43] ). Our work here aims to improve design intuition for linear viscoelastic materials by simplifying property representations and improving the mapping of properties to performance.
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which combines introspective psychology, sensory evaluation, physics, and rheology [45] . Beyond rheological data, the field is generalized to psychophysics. Psychophysics and psychorheology have a strong basis in the literature, particularly in their applications to the food and cosmetics industries [44] [45] [46] [47] [48] [49] [50] [51] . In this work we lay out a framework to change nebulous psychorheological characteristics of viscoelastic materials, such as 'soft' or 'firm', into quantitative links to material properties, aiding the use of viscoelastic materials in design.
Building intuition helps engineers and rheologists alike. The ideas presented in this work have been used in multiple short courses on rheology to help scientists and engineers build intuition for viscoelastic properties. More details are provided in Appendix A. ¹ 
Background

Design
Engineering design and the role of intuition
The design science literature makes it clear that to improve design, designers need to understand and have experience with these systems [52] [53] [54] [55] . Herein lies the problem for design with rheologically-complex materials: rheology is not a topic widely understood by those without graduate-level experience in the field.
Like design, education is also reliant on multiple layers of information and understanding. It is widely understood that effective learning and understanding requires a variety of experiences and teaching styles: visual, auditory, and tactile [56] .
A large task within this work and future design work with rheologically-complex material is to develop multiple levels of experience, particularly tactile experience, with these materials to aid in education and give designers the necessary subject matter expertise.
Materials Selection for Design
Single-valued properties are those for which a single data point can describe the flow behavior of a material, e.g. the viscosity of water at room temperature (in contrast to the flow curve of mayonnaise) or the modulus of rubber (in contrast to the full shape of decaying relaxation modulus of molten plastic). Single-valued material descriptions allow for the creation of cross-property plots for intuition and material selection, such as Figure 1 , or the widely used Ashby-style coplots [1] [2] [3] for Material Selection for Design. Ashby presents cross plots of a number of simple material properties (e.g. Young's modulus, density, cost) for thousands of commonly used materials [57] . Ashby diagrams give designers and engineers guidance for selecting materials that need to achieve a specified performance and thus have specific material properties.
With rheologically complex materials, properties are inherently function valued. For some types of rheological complexity, there has been an effort to distill this complex behavior into single characteristic quantities such as yieldstress fluids (yield stress and post-yielding viscosity) [38] or food products (springiness) [58] , to develop tools to guide materials selection similar to Ashby [1] . However, viscoelastic behavior presents an even bigger challenge.
Continuous relaxation spectra and viscoelastic constants
The concept of a continuous distribution of relaxation timescales [59, 60] will be used as a means to describe the function-valued linear viscoelastic observations here and facilitate data reduction to lower-order descriptions. It is convenient to develop the definition of a continuous relaxation spectrum by first understanding a discrete relaxation spectrum [60] . The viscosity-weighted discrete relaxation spectrum is defined as (notation following that used by Martinetti et al. in [61] ).
where η i is the viscous strength of the relaxation mode at timescale τ i . This definition can be visualized as a superposition of N Maxwell models combined in parallel. At the limit N → ∞, this becomes the definition of the viscosityweighted continuous relaxation spectrum
This viscosity-density spectrum H(τ) has dimensions of Pa·s/s. The spectrum can likewise be defined as a modulusweighted spectrum
Importantly, low-dimensional viscoelastic constants that describe viscoelastic qualities (elasticity, viscosity, compliance) can be calculated directly from the integral moments of the modulus-weighted spectrum Q(τ) and their equivalence with the viscosity-weighted spectrum H(τ) [60] 
From the zeroth, first, and second moments and their associated viscoelastic constants we calculate further lowdimensional descriptions of the characteristic relaxation times of the material,
These timescales are referred to in literature [60] as "number average" τn = τ 1 (the mean relaxation time of the modulus weighted spectrum Q(τ)) and "weight average" τw = τ 2 (the mean relaxation time of the viscosity weighted spectrum H(τ)) respectively but here we prefer the numerical subscript notation which better corresponds to the different moment definitions given in Eqs. 4-6. We use the timescales of Eqs. 7-8 to define the polydispersity index
3 Materials and Methods
Materials
Materials for this study were chosen for their range of viscoelastic behavior and ease of access (one is commercially 
Polysilicone Physical Therapy Putties
This study will first describe six different types of putty manufactured by Depco, Incorporated sold under the name Thera-Flex Brand TheraPutty which were ordered through Isokinetics, Inc. (at the time of writing, available through the retailer Amazon.com). These materials are used for physical therapy, e.g. hand strengthening after an injury. Per manufacturer specification, the putties range from "extra-soft" to "extra-firm". The six putties tested, shown in Figure 2 , were extra-soft (tan), soft (yellow), medium (pink), medium-firm (red), firm (green), and extra-firm (blue). Ingredients of each putty are not specified by the manufacturer, but similar materials are known to be made of dimethyl silicone polymer [62] [63] [64] . The viscoelasticity of the putties is therefore likely due to polymer entanglement in addition to transient cross-linking of the silicone polymer with the use of a cross-linking compound such as boric acid and additional filler materials [65] [66] [67] [68] .
PVA-Borax
Aqueous solutions of Poly(vinyl alcohol) (PVA) (Aldrich Chemical Co., molecular weight = 85,000 -124,000, 99+% hydrolyzed) were mixed with aqueous solutions of Sodium Tetraborate (Borax) (Aldrich Chemical Co.) to form multiple transient polymer networks with ion-assisted thermoreversible crosslinks [69] . The mixture was prepared as follows. PVA was dissolved in deionized water under continuous stirring at a temperature of about 95 ∘ C for approximately four hours to form a 4wt% stock solution. Borax was dissolved under similar conditions to form a 4wt% stock solution. The two solutions were allowed to cool to room temperature and were mixed together in different ratios to form multiple compositions. Mixing was done by combining measured weights of each component in a closed test tube and shaking them until the components were mixed thoroughly. The gel was then centrifuged at 3000 rpm for 10 minutes to remove any air bubbles (CL2 Centrifuge, Thermo Scientific). The resulting mixture was then used for rheometry tests.
Rheometry
Stress-controlled creep and oscillatory shear measurements on the viscoelastic therapy putties were performed on a single-head, combined motor-transducer rotational rheometer (Discovery Series Hybrid Rheometer (DHR), model HR-3, TA Instruments). Stress-relaxation measurements were performed on a strain-controlled separated motor-transducer rotational rheometer (ARES-G2, TA Instruments). The instrument was used with a 20 mm diameter flat plate geometry at an operating gap of 800 µm. The temperature for the tests was set at 25 ∘ C and controlled using a Peltier bottom plate. Oscillatory stress sweep tests and creep tests were performed to ensure that data collected was within the linear regime. For each test, a sample was rolled into a ball and placed onto the bottom plate and the geometry was lowered onto it. Excess sample was trimmed at a gap of 850 µm before the final lowering of the geometry.
Three repeat tests were performed to judge experimental uncertainty due to loading and trimming the sample, as well as sample relaxation within the rheometer geometry. To ensure that the samples had relaxed sufficiently prior to testing, each putty was allowed to relax for a specified duration. These tests ensured that the total error due to the loading procedure and subsequent relaxation was less than or equal to five percent. Multiple gap heights were also tested to check for the presence of slip with the materials. No significant effect was found.
Measurements on the PVA-Borax systems were performed on the same combined motor-transducer rota-tional rheometer using a plate-plate geometry (40mm, sandblasted). Dynamic linear viscoelastic measurements were performed using an oscillation frequency sweep (small amplitude oscillatory shear) at 1% strain amplitude at 25 ∘ C maintained by a Peltier system in the lower plate. The strain amplitude was chosen from a forward and reverse oscillatory strain amplitude sweep at 1 rad/s to identify the linear viscoelastic regime. For each test, the sample was poured onto the bottom plate to form a round puddle and the upper geometry was lowered onto it. After lowering the geometry, excess sample was trimmed to match the upper plate diameter. The sample was allowed to relax for approximately three minutes prior to taking measurements. A solvent trap was used during testing to prevent evaporation losses.
Pipkin Mapping of Perception-to-Rheology
When discussing tactile perception and how people interact with materials, it seems natural to speak about stress inputs. There is precedence in psychorheological literature that human inputs for understanding material qualities (such as softness/firmness) correlate with stresscontrolled experiments [44, 48, 70, 71] . This contrasts with how rheologically-complex materials are often described with material functions based on strains and strain-rates being the controlled input (which is convenient for understanding/solving some constitutive models, e.g. ordered fluid expansions where stress is an explicit function of multiple terms involving strain rate [22, 72] ).
Stress-Amplitude Pipkin Space
The two-dimensional operational space of Pipkin, of amplitude (commonly strain or strain rate) and transient timescale, is exceedingly useful in mapping out nonlinear viscoelastic constitutive models and characterization [69, 73, 74] . Traditionally, the space is presented as a function of two non-dimensional representations of input: the Deborah number (De = τ t = τω) for viscoelasticity and the Weissenberg number (Wi=τ˙) for nonlinearity. These terms allow for a description of the relevant timescale and the strength of the deformation. The Pipkin space can be generalized for dimensional inputs of timescale t and amplitude˙ [75, 76] (allowing for arbitrary or various τ to be considered), or extended to extensional deformations. However, the use of stress amplitude for the or-dinate is much less common being used only for stresscontrolled LAOS response mapping [77] and recently described in [74] .
Here, we introduce a stress-amplitude Pipkin space to use as an operational map to connect human perception to rheological tests, shown in Figure 5 . In the stressamplitude Pipkin space of Figure 5 , the strength of the flow is described simply as the stress amplitude in the place of the traditional strain or strain-rate (Weissenberg number).
The stress-amplitude perspective will relate more naturally to tactile perception intuition (squeezing, pulling, poking). After mapping human tactile perception, we will use this operation map to guide rheological testing that is likely to be relevant to user experience with the materials.
Perception Limits
The conditions for hand-held tactile and visual perception can be mapped to a Pipkin space, as shown in Figure 5. The colored regions show the bounds of relevant stresses and timescales that we have estimated for human handling. Conditions for rheological characterization are also shown, as trajectories through the Pipkin space [74] . A similar methodology could be followed for other user-experience problems, e.g. mouthfeel, palpation, ergonomic hand grip material, etc. where different ranges might be relevant. Table 1 documents the range limits identified here for mapping tactile and visual perception of viscoelastic liquids such as the therapy putties and PVA-Borax, which are described in more detail as follows.
Visual perception, shown in orange in Figure 5 , is particularly important for viscoelastic materials which can visually appear solid over short times and flow over long times. Here, the visual perception is bound at short timescales by approximate ranges of human perception. We use 13 ms in Figure 5 , the minimum viewing time for visual comprehension [84] . The minimum bound could be set smaller with reasonable assumptions, e.g. for the case of bouncing viscoelastic putty the bounce impact time is 4 ms [12] , and the consequences are visually apparent. Or, if we consider shooting Silly Putty with a bullet [85] this imposes even shorter transient timescales with visually observable consequences, but this is outside the scope here. The longest timescales for visualization are set by the patience of human observation, which we show as unbounded. Different limits could be applied, e.g. the time lapse in Figure 2 was stopped at 10 min, and the famous pitch drop experiment has been active since 1930 [86] .
The stress-axis limits for visual perception are set by any environmental conditions that can be visually Table 1 using stress for the amplitude (rather than strain or strain-rate). Stress-amplitude σ 0 is a more natural mapping for user-experience. Regions relevant to human perception guide rheological characterization, shown as locations or trajectories through the Pipkin space. observed. Example scenarios include the gravitational stresses in Figure 2 , the hand-squeezing stresses suggested in the photo of Figure 5 , impact stress when dropping balls of putty from a height of tens of centimeters [12] or dropping a heavy ball of putty from the top of a building² [87] , or shooting Silly Putty with a bullet [85] . For visual perception related to hand-held intuition, here we have taken a simple approach of arbitrarily setting the visual perception stress range slightly outside the bounds of the tactile perception limits, which are detailed below.
Tactile perception, shown in blue in Figure 5 , is more limited than visual perception since the stresses and timescales are imposed by human hands. Long timescales are chosen as estimates relevant to handling the materials, e.g. during physical therapy, on the order of a few minutes. The shortest possible timescale can be estimated in two ways. One is based on the highest frequencies that can be perceived by passively resting human hands, as studied in the haptic literature [88, 89] . This gives transient timescales of 1-10 ms. However, this is a lower bound estimate and not relevant to handling viscoelastic materials because we expect that the hands must actively impose the deformation, rather than passively perceive it. A better lower bound timescale estimate comes from neuro-muscular maximum frequency of motion. A welldocumented and widely used test of motor function (and impairment) is the "Finger Tapping Test" [82] . It measures the maximum rate at which a person can tap their finger. For healthy adults, the "intertap interval" time is generally on the order of 150-220 ms, e.g. Hubel et al. [83] report timescales on the order of 200 ms for a broad range of adult participants. We interpret this 200 ms as a minimum characteristic transient time of fingers (and hands) to interact with the viscoelastic putties, e.g. hands or fingers attempting to quickly deform the material to observe the viscoelastic relaxation. Based on this estimate, viscoelastic relaxation times would need to be larger than 200 ms to be perceived in this type of scenario.
Tactile stress amplitude limits are calculated from relevant literature on grip strength measured with a Jamar dynamometer [80] and haptic perception limits [78, 79] . This gives a minimum stress on the order of 200 Pa, based on light touch perception, and a maximum stress around 50 kPa, based on hand grip strength. Stresses could potentially be larger by poking the materials with a finger, around 460 kPa [90] . It is important to note that the numbers and limits of these regions cannot be exact but these ranges can act as an approximate guide to the relevant conditions of use, and conditions relevant for rheometric characterization.
Co-location of rheological characterization
Our Pipkin map allows for the co-location of simple rheological tests corresponding to the regions relevant to user experience. Stress-input rheological tests such as creep (step-stress), oscillatory tests (fixed stress amplitude, or fixed frequency) can be mapped over the regions of relevance to insure that rheological characterization best corresponds to how a material will be processed. We recommend this co-location mapping as a general technique for rationalizing rheometric test conditions. For designers, these regions can guide in the selection (or design) of viscoelastic materials given rheological property targets. Conditions outside of these regions are hypothesized to be unimportant to the behavior and performance within the region of interest. In-use conditions should define property targets.
In Figure 5 , the operational map does not include any material-specific limits, such as the onset of nonlinear behavior at a critical stress, or the longest relaxation time. In that sense, the current Pipkin space is material agnostic and application-specific. If a material has already been selected, then these limits (or normalizations to make dimensionless groups) could be added to further describe the space and the anticipated material response.
Experimental Results
Rheology of Therapy Putties
Step-input Experiments
Step-stress shear rheometry (creep tests) may closely correlate with the use of the physical therapy putties. In use, a reasonably constant stress may be applied for a few seconds or more. The step-stress experiment moves through the Pipkin map ( Figure 5 ) as a horizontal line trajectory from right-to-left as time passes. Figure 6 shows the creep compliance J(t; σ 0 ) for various input stress amplitudes (σ 0 = 10 2 , 10 3 , 10 4 Pa). These are within the perception bounds outlined on the Pipkin space ( Figure 5 and Table 1 , maximum tactile stress 5 · 10 4 Pa) implying that they may reveal information about how the material feels to the user.
Only the softest two putties show nonlinear behavior at stresses accessible to the instrument used. For that reason, as well as other experimental issues (see Supplementary Information) relating to the stiffness of the putty, no comparative conclusions can be drawn from the nonlinear step-input data.
As shown in Figure 6 ferences are seen in the extra-soft and soft putties. There are only very slight differences among the firmest four putties, particularly when looking at the creep-compliance. Clearly, the step-stress material response is not enough to distinguish the differences in all the materials.
Step-strain (stress relaxation) experiments were also performed on some of the putties. These results are shown in Appendix A Figure A1 comparing the green (firm) and yellow (soft) putties, and in Supplementary Information for the red (medium) putty. Differences are apparent. The relaxation timescale appears to be shorter for the softer putty in this representation. The flow viscosity is not as apparent in this representation of G(t) compared to the creep tests, e.g. specifically comparing green and yellow putties in Figure A2 . A short time (rubbery) plateau modulus is not observable in the G(t) data due to the minimum step time of the instrument. This is resolved by considering oscillatory characterization.
Oscillatory Experiments
Oscillatory experiments can provide higher signal-tonoise ratios compared to step tests, and can also span the Pipkin perception space where frequency corresponds to inverse transient time. Long times are measured at low frequency and short times are measured at high frequencies. Just as in the step-stress experiments conducted, it is important to choose experimental parameters appropriate and significant for human perception. Guided by the Pipkin space in Figure 5 ( Table 1 ) and the results of the creep tests described in Sec. 5.1.1, a stress amplitude of 100 Pa is chosen. This stress is shown to be within the linear viscoelastic limit for these materials, thus all linear viscoelastic descriptions (moduli, compliances, viscosities, fluidities, etc.) can be used interchangeably [59] .
For reference, non-linear material behavior is shown in Supplemental Information. Over the range of frequencies used, all materials are within the linear viscoelastic limit.
A frequency-sweep with conventional strain-input perspective (G ′ , G ′′ ) is shown in Figure 8a for the six therapy putties, isolated individually in Supplementary Information. The stress-input perspective of dynamic compliance J ′ and fluidity ϕ ′ is shown in Figure 9 , and also isolated for individual samples in Supplementary Information. Each putty can be distinguished with these oscillatory material functions due to the high signal-to-noise ratios and availability of sub-dominant components.
The response of each putty appears to have a rubbery plateau modulus G ′ → G 0 at high frequency ( Figure 8b ) and a nearly terminal regime at low frequency, resulting in a low-frequency plateau dynamic viscosity η ′ → η 0 (Figure 8c ). In this sense, the responses all look similar to the familiar Maxwell model. However, a single-mode fit is not completely satisfactory, see Figures 13 and A4 for examples with the green and yellow putties.
Another check of how well a single-mode description is satisfactory comes from the stress-input material functions signatures (J ′ , ϕ ′ ), which would be constant for a single-mode Maxwell model. Figure 9 reveals that the (J ′ , ϕ ′ ) signatures are nearly constant, as detailed with the green putty in Figure 9b ,c. Thus, the (J ′ , ϕ ′ ) material functions act as a type of data reduction compared to (G ′ , G ′′ ), since they are approximately constant for each putty. 
Rheology of PVA-Borax
Similar oscillatory data for the PVA-Borax material system is used to provide context and comparison with the putty results. Oscillatory linear viscoelastic data is shown in Figure 10 for ten concentrations of PVA-Borax mixture, courtesy of Olivia Carey-De La Torre [92] [93] [94] . All PVA-Borax samples also approach a high frequency elastic modulus plateau G ′ → G 0 and a low frequency dynamic viscosity plateau η ′ → η 0 . The plateau moduli are all much lower than the putties and vary considerably among the samples.
We will see that all PVA-Borax samples have a dominant relaxation time within a small range of each other. Similar data reduction challenges occur for these samples, which we address below.
Data reduction for intuition and Ashby-style plots
The data reduction from plateaus is useful for understanding what is different between the therapy putties. But, how should apparent plateaus be quantitatively identified, what timescales can be defined, and what about the polydispersity of timescales when materials are not precisely single-mode Maxwell?
We address these questions with a data reduction approach based on relaxation spectra H(τ) and moments of its distribution, as defined in Eqs. 4-9. These moments provide measures of viscosity η 0 , elastic modulus G 0 , relaxation timescales τ 1 and τ 2 , and the polydispersity index PDI associated with the range of probed frequencies. These measures will clarify and quantify the differences between the putties, identify which differences might actually be perceived when handling them, and provide multidimensional data for making Ashby-style plots of the viscoelastic properties.
Although spectrum calculations can yield non-unique solutions [95] [96] [97] [98] [99] [100] [101] , the moments of the resulting distribution are well-defined and we compute them from only the Davies-Anderssen range of timescales [102] τ min < τ < τmax, related to the minimum and maximum experimental frequencies as τ min = e 2π /ωmax and τmax = e −2π /ω min . Importantly, the spectrum description allows for polydisperse relaxation timescales without assumption of an underlying model form or form of the data. This contrasts other possible approaches. For example, we do not force a single-mode Maxwell fit (since this may not be satisfactory), nor do we force a parameterized shape of the spectrum (since different materials may have different shapes [92] [93] [94] of the spectra), nor do we fit only the plateaus of the frequency-dependent data (since plateaus may not always be achieved or apparent within the range of available data). A spectrum of relaxation times can be found from experimental G ′ , G ′′ data with many different techniques. Here, a high-density discrete approximation to the continuous relaxation spectrum H(τ) is calculated using the TRIOS software from TA Instruments. A representative example is shown for a single putty in the inset of Figure 8b . All spectra and their associated viscoelastic moduli are shown in Supplementary Information.
Integral moment calculations of H(τ), Eqs. 4-6, are truncated to include only the window of timescales τ that can be confidently determined from the range of frequencies probed. This is based on the analysis of Davies & Anderssen [102] , e 2π /ωmax < τ < e −2π /ω min . These bounds of τ used for integration are indicated by vertical lines in Figure 8b (inset) and for all the spectrum plots in Supplementary Information. This truncated window eliminates the tails where the spectra show the most variability between repeat tests. Inclusion of these tails can have a significant contribution to some of the moment calculations.
Omitting these tails results in more consistent moments from repeat tests, though the truncation loses some information. For example, the reconstructed G ′ , G ′′ from the truncated H(τ) are lower than the experimental data (especially the sub-dominant components) in the regions of high and low frequency. The plateau values are generally recovered very well from the moments of the truncated spectra, e.g. in Figure 8b ,c. The extra-soft putty shows the most noticable loss of information with a G 0 that is slightly lower than the experimental data at the highest measured frequencies. However, no other sample suffers from any significant issue. Table 2 summarizes the moment calculations for the therapy putties in terms of low-dimensional viscoelastic properties. Of the five measures shown for each putty, only three are independent, e.g. τ 1 = η 0 /G 0 and PDI = τ 2 /τ 1 . Figure 11 compares the putties in terms of η 0 , G 0 , and τ 1 . From this and Table 2 it is clear that the difference felt between putties is primarily the viscosity η 0 , not the elastic modulus G 0 or relaxation timescale τ 1 . The viscosity η 0 spans an order of magnitude, showing a clear differentiation between the therapy putties. There is also separation in the relaxation timescales, but it is important to refer back to the Pipkin space in Figure 5 and see that the timescales for the materials Figure 11 : The difference felt between putties is primarily the viscosity η 0 , not the elastic modulus G 0 or relaxation timescale τ 1 . The low dimensional descriptions are calculated from moments of the relaxation spectra. Only a small difference in elastic nature is observed while an order of magnitude change is observed across the viscous description. There is significant difference in the relaxation timescale, however these timescales are well below the estimated limits of active perception outlined in Table 1. likely that the relaxation timescale differences are important to a user's experience with the materials. The elastic modulus changes slightly among the putties, but the change is not dramatic and all putties have shear elastic modulus G 0 on the order of 1 MPa. Moreover, this modulus is only relevant at transient timescales shorter than the relaxation timescale, which is below our estimate of human tactile perception.
Viscosity, Modulus, Timescale
It may seem odd that viscosity differentiates the range of putties that are marketed as "soft" to "firm", since these descriptive words are more likely to evoke concepts of elastic rather than viscous properties. However, the timelapse images of Figure 2 , and the squeezing images of Figure 5 , show flow on timescales much longer than any measured relaxation time, and the increase in flow for the "softer" putties is consistent with the idea of viscosity determining the response.
Relaxation timescale dispersity
The low-dimensional descriptions in Figure 11 naturally omit information about the full material response. They imply a material with a single dominant relaxation time. Simple checks for Maxwellian-type material behavior include Cole-Cole plots [103-106] (see Supplementary Information) as well as checking for long, well-defined plateaus in the stress-input material functions J ′ and ϕ ′ (Figure 9 ). A more quantitative approach is to report the timescale polydispersity index PDI, Eq. 9, i.e. the ratio of average relaxation timescales based on different moments of the relaxation spectrum. PDI = 1 represents a perfect single-mode Maxwell response and sets the lower bound of possible PDI values. In a logarithmic scale, the PDI can be viewed as the distance between the timescales τ 2 and τ 1 . Figure 12 shows the PDI for all therapy putties and PVA-Borax samples. The majority of samples examined here have dispersities near 1.7. The exception is the extrasoft therapy putty with a larger PDI of 2.5. For reference, the same analysis applied to digitized data for a wormlike micelle system described in [107] is also included, with a PDI = 1.1 (see Supplementary Information for details).
For intuition purposes, what constitutes a "large" PDI? This is a challenging question since PDI is likely to increase as the frequency range considered increases, revealing additional modes. For example, we observe larger PDI when the H(τ) moment integrals are not truncated. As a reference for "large" polydispersity, consider power-law relaxation of a critical gel [108] , with relaxation spectrum Figure 12 : The polydispersity index PDI for all samples is small, but noticeably larger than 1. Therapy putties shown as colored circles, PVA-Borax as dark gray circles, and a wormlike micelle solution [107] as hexagon symbol.
given by
where S and n are positive constants, 0 < n < 1, and Γ() is the gamma function. This is clearly a broad distribution of timescales. For a finite window of timescales ranging from τ Aτ B , where we define X = τ B /τ A , we derive analytical results for the truncated moment integrals, resulting in
Note this PDI is independent of the specific values of τ A and τ B and only depends on the range of timescales via X. The square-bracket term approaches 1 in the limit of large X. As a specific example, consider the therapy putty range of frequencies ω = 0.1 − 500 rad/s. After applying the Davies-Anderssen window, this gives X = 216. Using this range and a reference critical gel exponent n = 1 2 gives PDI = 5.3. This can serve as a reference for "large" PDI for comparison in Figure 12 (see Supplementary Information for additional details).
Another route to interpret PDI, and its importance in describing the G ′ , G ′′ data, is via the three-parameter relaxation spectrum derived from the modulus weighted lognormal distribution
where Hmax is the peak of the spectrum H(τ), τmax is the log-median relaxation timescale, and σ is the stan- dard deviation of the log-normal distribution. This threeparameter distribution analytically maps to the three parameters (η 0 , G 0 , PDI) as [61] , PDI = e σ 2 , G 0 = Hmaxσ √ 2π,
In addition to providing interpretation of PDI, the log-normal based spectrum can be used to check if the three-parameter description based on only (G 0 , η 0 , PDI) is reasonable to describe the data. Figure 13 shows the log-normal description of the experimental data, which is excellent for the putties and the PVA-Borax samples. This suggests that, for these materials at least,³ the three degree of freedom (D.O.F.) description is satisfactory and reasonably complete. We therefore move forward to propose how to represent this three-parameter description on an Ashby-style property map.
Ashby-style mapping and discussion
Ashby diagrams are widely used in design and material selection [3] , though they rely on single-valued material properties. This is a challenge for rheological data, which is described by functions, not constants. Ashby-style plots for reduced rheology data have been demonstrated with yield-stress fluids [12, [38] [39] [40] but not with linear viscoelastic fluids.
Here we have reduced the linear viscoelastic description of these materials to three independent parameters and we propose a method of visualizing this information on a two-dimensional cross-property plot in the style of Ashby diagrams. Figure 14 shows this visualization: symbols are located at coordinate (τ 1 , G 0 ), and a "tail" extends from the symbol, which terminates at the value τ 2 . This combines all the information from Table 2 and Figures 11-12 into a single visualization. All five measures shown in Table 2 can be extracted from the two-dimensional plot in Figure 14 . In addition to (τ 1 , G 0 , τ 2 ) as described, the viscosity is extracted as η 0 = G 0 τ 1 , and reference values are shown as dashed lines. The PDI = τ 2 /τ 1 and on the logarithmic scale in Figure 14 this directly relates to the length of the line, log(PDI) = log(τ 2 ) − log(τ 1 ).
A key concern in reducing rheologically-complex materials to low-dimensional descriptions is the loss of the important function-valued material response. Here, the PDI helps indicate the loss of information if only (τ 1 , G 0 ) are used to describe the material. Higher-order measures could also be used to quantify how satisfactory the threeparameter description is, e.g. quantifying the disagreement between a log-normal description and the data (as in Figure 13 ), or quantifying higher moments of the relaxation spectrum H(τ).
The mapping in Figure 14 reveals several trends and patterns with the two materials considered here. The putties span a range of timescales τ 1 in addition to an order of magnitude of viscosity η 0 . However, they have a near constant elasticity (G 0 ≈ 1 MPa) across the different "firmnesses" (except extra-soft, due to the truncation window). The nearly constant G 0 for all putties facilitates some interpretation about what may be changing in the formulation and microstructure. It suggests that the number density of effective crosslinks is constant, a la rubber elasticity theory, be they from transient crosslinks of Borax or filler, or entanglements of the polymer. This could be tested by changing the crosslink density, for example, by varying the amount of a crosslinking additive, which should change the modulus G 0 . To maintain a constant G 0 (i.e. keep the crosslink number density constant), but change the relaxation timescale, different approaches could be used. For example, if entanglements dominate the relax-ation timescale, then increasing molecular weight of the polymer would primarily lead to changes in η 0 and τ 1 [104, 113] . However, this may also change the distribution of timescales. A simpler hypothesis, in terms of changing formulation, is that different oils could be used with varying viscosity. This could potentially shift the timescales and viscosity η 0 , yet retain the same G 0 and a similar shape of the relaxation time distribution.
In contrast to the putties with constant modulus and changing timescale, the PVA-Borax timescales vary only from τ 1 = 0.2 − 0.8 s. Thus, the material is a candidate for providing tactile intuition to answer the question: how does it "feel" to keep τ 1 reasonably constant (and within human perception) but change η 0 and G 0 . The nearly constant timescale implies that the relaxation behavior is somewhat independent of concentration implying that the timescale is primarily set by the thermoreversible crosslinking timescale [93, 114, 115] .
Together, the PVA-Borax and physical therapy putties demonstrate two ways to span the linear viscoelastic property space.
Conclusions
In this work, we have demonstrated the use of a stressinput perspective Pipkin diagram to guide experimental characterization of physical therapy putties in the stress amplitude and time ranges relevant to the user experience of those materials. The stress-perspective Pipkin space proposed in this work aids in guiding the characterization and design of materials for which human perception is important. The space shown in Figure 5 is created specifically to be relevant to the tactile perception related to physical therapy putties. It can be further modified for other problems of interest such as food rheology by adjusting relevant regions to processes important to other user experiences (i.e. chewing, spreading, etc.).
Rheological characterization of complex materials is often a high-dimensional question. Using a model system of therapy putties designed for a range of user experiences and a PVA-Borax gel, we are able to show that viscoelastic constants calculated from a general continuous relaxation spectrum (found from simple linear viscoelastic tests) can reduce the complexity of the rheological description.
We show that in these systems, linear viscoelastic rheological properties are appropriate to differentiate between the user experiences of the putties. Reducing the complexity of the data allows for a clearer understanding of the differences in the materials and aids in data visual-ization which leads to improved tactile intuition with viscoelastic materials.
With lower-dimensional descriptions of the linear viscoelastic response, we propose Ashby-style cross property plots that allow for the plotting of three proposed independent linear viscoelastic measures [G0, τ 1 , τ 2] . Such plots can be populated with a wide range of viscoelastic materials. Similar to traditional Ashby diagrams, these plots can be used to guide material selection in diverse applications including food and consumer products, vibration isolation, and soft robotics. These plots can also be used to guide the development of new materials into spaces not populated by existing materials.
Reducing the complexity of the data is not without its challenges. As we show, important information can be lost by this reduction from function-valued properties to low-dimensional parameters. Going forward, it will be important to find a systematic way to choose which lowdimensional representations are most useful for a specific design problem, be it correlation with tactile perception or with a performance metric (e.g. vibration isolation [41, 116] ) and to account for any material behavior not included in the described low-dimensional metrics. The potential role of nonlinear rheological properties further widens the design space while exacerbating these important challenges.
A Appendix: Rheology short course module for hands-on linear viscoelasticity
The following figures specifically compare two of the putties used for teaching hands-on perception of linear viscoelasticity: green (firm) and yellow (soft). Participants are Figure A1 : Soft (yellow) and firm (green) putties are subjected to a step-strain at 1% strain. The stress σ relaxation behavior is normalized by the input strain 0 and reported as a relaxation modulus G(t). Experimental limits (short time and minimum torque) are shown as shaded regions.
Figure A2
: Soft (yellow) and firm (green) putties are subjected to a step-stess of 100 Pa to mimic loading during use for physical therapy applications, which are more readily thought of as stresscontrolled loading scenarios. The resulting material strain is normalized by the input stress σ 0 and reported as a creep compliance J(t). Intuitively, the softer putty (yellow) is more compliant than the firmer putty.
given samples of each putty and before seeing any rheological data are invited to consider the following prompts: After discussing these questions, the answers are revealed in Figures A1-A4 , in addition to other figures for the entire range of putties reported in our work here. This module has been used in lectures at the home university of the authors, in addition to several rheology short courses with significant participation from industry. These courses have been hosted in Houston, TX ( Finally, a simple summary of the putties is shown in Figure A5 Figure A5 : Low-dimensional descriptions of complex materials can help ground these materials within the frameworks for which intuition already exists. Figure adapted from [6, 7] , and [8] .
